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We study a one-dimensional p-wave superconductor subject to non-Hermitian quasiperiodic po-
tentials. Although the existence of the non-Hermiticity, the Majorana zero mode is still robust
against the disorder perturbation. The analytic topological phase boundary is verified by calcu-
lating the energy gap closing point and the topological invariant. Furthermore, we investigate the
localized properties of this model, revealing that the topological phase transition is accompanied
with the Anderson localization phase transition, and a wide critical phase emerges with amplitude
increments of the non-Hermitian quasiperiodic potentials. Finally, we numerically uncover a non-
conventional real-complex transition of the energy spectrum, which is different from the conventional
PT symmetric transition.
I. INTRODUCTION
The discovery of Anderson localization1 is giving guid-
ance to understand how the disorder affects the mobil-
ity of carriers through the spatial distribution of the
wave function beyond the framework of the conventional
band theory. After half a century, the Anderson local-
ization phenomena were observed in a ultracold atom
experiment with correlated disordered potentials2 and
incommensurate/quasiperiodic potentials3. Nowadays,
Anderson localization has been one of the important and
highly-explored research subjects in condensed matter
physics4–7. In one-dimensional systems, many researches
show that even though there exist particle interactions,
random disordered or incommensurate disordered exter-
nal potentials can form the many-body localization8–13,
which is the many-body version of Anderson localization.
A paradigmatic model to understand the Anderson lo-
calization is the Aubry-Andre´-Harper (AAH) model14,15,
in which the increased strength of the incommensurate
potential leads to a localized transition. In some gener-
alized AAH models, the rich localization phenomena can
be observed16–20. Another interesting aspect of general-
ized AAH models is the presence of the mobility edge,
which characterizes the separation between the extended
and the localized region in terms of energy20–26.
It should be noted that the one-dimensional AAH
model can be understood as the projection of the two-
dimensional Hofstadter model in the one-dimensional
direction14,27,28, which supports topologically protected
edge states localized at the boundary, similar to the
edge states in quantum Hall insulators29,30. Conse-
quently, the topological properties of one-dimensional
quasicrystals have been gradually excavated according
to this projection31–35. In topology physics, the one-
dimensional p-wave superconductor chain is another im-
portant paradigm36–39. A key feature of the one-
dimensional p-wave superconductor is that it hosts topo-
logically protected Majorana zero mode (MZM)40–42,
which promise a platform for the error-free quantum com-
putation since the qubits are immune to the weakly disor-
dered perturbation43,44. Thus, the interplay of disorder
and topology in one-dimensional quasiperiodic lattices
with p-wave superconducting pairing attracted much re-
search interest. In a previous research, Cai et.al. uncov-
ered that the topological phase transition is accompanied
by the Anderson localization phase transition in a Her-
mitian quasiperiodic chain with p-wave superconducting
pairing45. Further research showed that there is a critical
phase in the topologically non-trivial region28.
However, when the non-Hermitian and quasiperiodic
potentials are both considered, how does the topologi-
cal region change compared to the Hermitian case, does
the critical phase still exist, and does there exist real-
complex transition of eigenenergies, even if the system
is not PT symmetric? In this paper, we are devoted to
answer these questions. Specifically, we deduce the phase
boundary of topological phase transition analytically and
verify it from the energy gap, the spatial distributions of
the MZMs and the topological invariant. In addition, we
clarify the extended, critical and localized regions of this
model by use of the fractal theory. Finally, we uncover a
real-complex transition of the system without PT sym-
metry, and give a conclusion that the extended phase
corresponds to the region where eigenenergies are totally
real, whereas the critical and localized phase correspond
to the region where eigenenergies are complex.
The arrangement of the rest paper is as follows: Sec. II
describes the Hamiltonian of the one-dimensional p-wave
superconductor subject to the non-Hermitian quasiperi-
odic potentials and gives the definition of the inverse par-
ticipation ratio; Sec. III discusses the fate of Majorana
zero modes and the topological phase transition; Sec. IV
discusses Anderson localization phase transition and the
critical phase; Sec. V discusses the non-conventional real-
complex transition of the energy spectrum and presents
the total phase diagram of the system; we make a sum-
2mary in Sec. VI.
II. MODEL AND HAMILTONIAN
We consider the one-dimensional p-wave superconduc-
tor subject to the non-Hermitian quasiperiodic poten-
tials, which is described by the following Hamiltonian
Hˆ =
L−1∑
n=1
(−tcˆ†ncˆn+1+∆cˆncˆn+1+H.c.)+
L∑
n=1
Vncˆ
†
ncˆn, (1)
where cˆ†n (cˆn) is the fermion creation (annihilation) oper-
ator, and L is the total number of sites. Here the nearest-
neighbor hopping amplitude t and the p-wave pairing
amplitude ∆ are real constants, and Vn = V e
i2piαn
is the non-Hermitian quasiperiodic potential. A typi-
cal choice for parameter α is α = (
√
5 − 1)/2. For
computational convenience, t = 1 is set as the energy
unit. In the topological classification, this model be-
longs to the BDI class46 and it does not preserve PT -
symmetry47. When ∆ is equal to zero, this model re-
duces to the non-Hermitian AAH model22, where the
localized transition and the topological properties are
well understood. When α = 0, this Hamiltonian de-
scribes the Kitaev model, where there are topologically
protected MZMs38,44. When the imaginary part of the
non-Hermitian potential is omitted, the model reduces
to the Hermitian non-Abelian AAH model28,45, in which
the topological phase transition and the Anderson local-
ization transition is well studied.
The Hamiltonian (1) can be diagonalized by using the
Bogoliubov-de Gennes (BdG) transformation:
χˆ†m =
L∑
n=1
[um,ncˆ
†
n + vm,ncˆn], (2)
where L denotes the total number of sites, n is the site in-
dex, and um,n, vm,n are the two components of wave func-
tions. It is widely known that the particle-hole symme-
try is preserved38. Under this transformation, the BdG
equations can be expressed as
(
Mˆ ∆ˆ
−∆ˆ −Mˆ
)(
um
vm
)
= Em
(
um
vm
)
, (3)
where Mˆij = −t(δj,i+1 + δj,i−1) + Viδji, ∆ˆij =
−∆(δj,i+1 − δj,i−1), uTm = (um,1, · · · , um,L) and vTm =
(vm,1, · · · , vm,L), Em is the complex eigenenergy, indexed
according to its real part Re(Em) and arranged in ascend-
ing order with m being the energy level index.
By numerically solving Eq. (3), we can obtain the en-
ergy spectrum of the system and the components um,n
and vm,n of the wave functions. The inverse participa-
tion ratio (IPR) is usually used to study the localization-
Figure 1. (Color online) Top panel: The real part of eigen-
values of Eq. (1) as a function of V under OBC. Definitely,
there are stable MZMs when V < 1 + ∆. As the value of
V continuously increases, the MZM eventually vanishes, and
the phase transition point is roughly located at Vc = 1 + ∆.
Bottom panel: Spatial distributions of φ and ψ for the lowest
excitation modes with V = 1.4 in the left and with V = 1.6
in the right. Obviously, when V = 1.4, φ and ψ are sym-
metrically distributed at ends of the chain, which indicates
the system is in topological phase, whereas they are located
inside of the chain when V = 1.6. Other involved parameters
are ∆ = 0.5 and L = 500.
delocalization transition14,22,28,45. For any given normal-
ized wave function, the corresponding IPR is defined as
IPRm =
∑L
n=1
(
|um,n|4 + |vm,n|4
)
[∑L
n=1(|um,n|2 + |vm,n|2)
]2 , (4)
which measures the inverse of the number of sites being
occupied by particles. It is well known that the IPR of an
extended state scales like L−1 which approaches zero in
the thermodynamic limit. However, for a localized state,
since only finite number of sites are occupied, the IPR is
finite even in the thermodynamic limit. The mean of IPR
over all the 2L eigenstates is dubbed the MIPR which is
expressed as
MIPR =
1
2L
2L∑
m=1
IPRm. (5)
III. FATE OF MAJORANA ZERO MODES
In this part, we will study the fate of the MZMs and
the topological phase transition. The top panel in Fig. 1
shows the real part of the energy spectrum of Eq. (1)
as a function of the non-Hermitian potential strength V
under the open boundary condition (OBC), with the pa-
rameters ∆ = 0.5 and L = 500. As shown in the figure,
3there are stable MZMs when V < 1+∆. However, when
V is larger than the critical value Vc, MZMs annihilate
and then enter into the bulk of the system. Hence, the
systems will undergo a topological non-trivial to trivial
phase transition as V increases, and the visible phase
transition point is about Vc = 1+∆. Similar to the pre-
vious works28,38,44,45, MZMs in our system are still local-
ized at ends of the system. To understand the Majorana
edge state deeply, we have to introduce the Majorana op-
erators, namely λAn = cˆ
†
n+ cˆn and λ
B
n = i(cˆ
†
n− cˆn), which
obey the relations (λβn)
† = λβn and
{
λβn, λ
β′
n′
}
= 2δnn′δββ′,
with β, β′ ∈ {A, B}. Accordingly, in the Majorana pic-
ture, the quasi-particle operator in Eq. (2) can be rewrit-
ten as
χˆ†m =
1
2
L∑
n=1
[φm,nλ
A
n − iψm,nλBn ], (6)
in which φm,n = (um,n+vm,n) and ψm,n = (um,n−vm,n).
The bottom panel of Fig. 1 plots the spatial distribu-
tions of φ and ψ for the lowest excitation mode45,56 un-
der OBC, with ∆ = 0.5 and V = 1.4 (left bottom panel)
and V = 1.6 (right bottom panel). When V = 1.4, the
lowest excitation mode is just the MZM. As the corre-
sponding figures show, the Majorana edge states φ and
ψ are localized at ends of the system, presenting the chi-
ral symmetry. On the contrary, when V = 1.6, the lowest
excitation mode is no longer the MZM. As a result, the
visible distributions of φ and ψ in the right bottom panel
are located inside the bulk of the system. Therefore, only
if V is less than Vc, the system is topologically non-trivial
and supports the MZM.
Due to the bulk-edge correspondence, the topological
properties of non-Hermitian systems are generally pro-
tected by the real gaps44,57. In other words, topolog-
ical phase transition occurs with the gap closing. Be-
fore we clarify the relationship between the topologically
non-trivial phase and the real gap, we first deduce the
topological phase transition point Vc. Under the periodic
boundary condition (PBC), the Hamiltonian in Eq. (1)
can be rewritten as
Hˆ =
∑
nn′
[
cˆ†nMnn′ cˆn′ +
1
2
(
cˆ†nNnn′ cˆ
†
n′ + h.c.
)]
, (7)
where M is a Hermitian matrix and N is an antisymmetric
matrix, respectively expressed as
M =


V1 −t · · · −t
−t V2
...
. . . −t
−t −t VL

 , N =


0 −∆ · · · ∆
∆ 0
...
. . . −∆
−∆ ∆ 0

 .
(8)
With the above matrices, we can determine the ex-
citation spectrum Em via solving the secular equation
det
[
(M +N) (M −N)− E2m
]
= 058. Draw on the pre-
vious researches where the energy gap is closed at the
topological phase transition point28,38,44,45,56, we assume
that there is no exception in our model. Accordingly,
the transition point Vc can be solved by the equa-
tion det [(M +N) (M −N)] = 0. Having known that
det (M −N) = det (M −N)T = det (M +N), then the
Vc is further determined by this equation det (M −N) =
0. Eventually, we obtain the following constraint condi-
tion
L∏
n=1
ei2piαn =
(
t+∆
V
)L
. (9)
In the thermodynamic limit L → ∞, Vc has a real so-
lution, and Vc = t + ∆ (Here we have considered the
condition that α is approached by the ratio of two adja-
cent Fibonacci numbers). We have noticed that this ana-
lytic strategy has been used in a Hermitian non-Abelian
AAH model45. From our analytic result, the introduced
non-Hermiticity compresses the topologically non-trivial
region.
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Figure 2. (Color online) The real energy gap ∆g as a function
of V −∆ under PBC. Intuitively, the gap closes at Vc = 1+∆.
The size of the system is L = 1000.
In order to verify the accuracy of the previous assump-
tion and the analytical Vc, and to understand the rela-
tionship between topological phase transition and gap
closing, we numerically plot the variation of the real en-
ergy gap ∆g with respect to the non-Hermitian quasiperi-
odic potential strength V under PBC, as shown in Fig. 2.
It is readily seen that the real energy gap closes at
Vc = 1 + ∆ even though the size of the system is finite.
Besides, the numerical results reflect that the assump-
tion we made before are correct. Moreover, the topologi-
cal properties of the system are exactly protected by the
real gaps, and the topological phase transition appears
with the gap closing.
In addition to the mentioned MZM and the gap-closing
point, the topological phase transition is more precisely
characterized by the topological invariant Q. In a p-wave
superconducting chain, the value of Q = (−1)ν is deter-
mined by the parity of the number ν of Majorana zero
4modes at ends of the chain. For a periodic invariant p-
wave superconducting chain, Kitaev defined the topolog-
ical invariant as the Pfaffian of the Hamiltonian matrix.
However, to identify the topologically non-trivial phase
of a disordered superconducting chain it is more suitable
to work with the transfer matrix approach. As shown
in Fig. 1, there appear a pair of Majorana zero modes
when V < 1 + ∆. We make analytical derivation of the
topological phase transition points by using the transfer
matrix approach. The Hamiltonian matrix (3) can be
represented in the difference equation form
t(un+1 + un−1) + V ei2piαnun −∆(vn+1 − vn−1) = Eun,
∆(un+1 − un−1)− V ei2piαnvn − t(vn+1 + vn−1) = Evn.
(10)
For Majorana zero modes, these equations can be repre-
sented in the transfer matrix form(
ψj+1
ψj
)
= Tj
(
ψj
ψj−1
)
where Tj =
(
Vj
∆+t
∆−t
∆+t
1 0
)
. (11)
If both the two eigenvalues λ1 and λ2 of the total transfer
matrix T ≡ ΠLj=1Tj are less than 1 or larger than 1,
the system is topological non-trivial. We set t = 1 and
∆ > 0, then two eigenvalues λ1 and λ2 satisfy |λ1λ2| <
1. If we set |λ1| < 1 and |λ1| < |λ2|, the topological
property of the system is determined by the amplitude
of |λ2|. Thus, the Lyapunov exponent is defined as R ≡
limL→∞ 1L ln |λ2(V,∆)|.
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Figure 3. (Color online) The topological invariant Q as a
function of V with four chosen ∆. When V < 1 + ∆,
Q = −1, which corresponds to the topologically non-trivial
phase; when V > 1 + ∆, Q = 1, which corresponds to the
topologically trivial phase. Intuitively, Q jumps at the phase
transition point, i.e., the gap closing point Vc = 1 + ∆. The
size of the system is L = 500.
For 0 < ∆ < 1, we perform a transformation Tj =√
ξST˜jS
−1 with S = diag(ξ1/4, 1/ξ1/4) and ξ = 1−∆
1+∆
.
Thus, the total transfer matrix T become
T(V,∆) = (
√
1−∆
1 +∆
)LST(
V√
1−∆2 , 0)S
−1. (12)
From the above definition and analysis, we can obtain
R(V,∆) = R(
V√
1−∆2 , 0)−
1
2
ln(
1 + ∆
1−∆). (13)
When ∆ = 0, the model is reduced to the non-Hermitian
AAH model22 and the Lyapunov exponent R(V, 0) =
ln(V ), so R( V√
1−∆2 , 0) = ln(
V√
1−∆2 ). According to the
above discussions, the topological transition point is at
|λ2| = 1, i.e., R(V,∆) = 0. From Eq. (13), we obtain
that the topological transition point obeys Vc = 1 + ∆.
In Fig. 3, we plots the variation of the topological invari-
ant Q versus V for different ∆. The topological quantum
number Q is evaluated by calculating the transfer matrix
numerically. The adopted numerical method is consis-
tent with that in Refs.59,60. When V < 1 + ∆, Q = −1
which corresponds to the topologically non-trivial phase;
when V > 1 + ∆, Q = 1 which corresponds to the topo-
logically trivial phase. Intuitively, Q jumps at the phase
transition point, i.e., the gap-closing point Vc = 1 +∆.
IV. LOCALIZED TRANSITION AND CRITICAL
STATES
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Figure 4. (Color online) MIPR as a function of V with differ-
ent ∆. The dashed lines show the sharp increase of the MIPR
at phase boundaries Vec = 1−∆ and Vc = 1 +∆. The total
number of sites is set to be L = 500.
Recalling the localized distributions of the lowest ex-
citation modes in Fig. 1 when V > Vc, we are aware
that there is an Anderson localization phase transition
as the topological phase transition happens. Figure 4
plots the variation of MIPR as a function of the poten-
tial strength V with various ∆. Intuitively, the MIPR
increases steeply at Vc and approaches 1. Such a phe-
nomenon signals a delocalization-localization phase tran-
sition, and the region where V > Vc denotes the An-
derson localization phase. However, the region where
5V < Vc is not necessarily extended phase. Instead, it is
divided into two phases, i.e., the extended phase and the
critical phase, whose MIPR is greater than that of the
extended phase and less than that of the localized phase,
i.e., forms a platform. The extended-critical phase tran-
sition point Vec is readily seen at Vec = 1−∆.
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Figure 5. (Color online) βmin as a function of 1/L at
(∆, V ) = (0.5, 0.2), (0.5, 1), and (0.5, 2). These three points
are located in the extended, the critical, and the localized
phases, respectively.
We further validate our analysis using the fractal the-
ory, which has been widely applied in the quasiperiodic
models28,56,61–64. The size of the system L is chosen as
the jth Fibonacci number Fj . The advantage of this ar-
rangement is that the golden ratio can be approximately
replaced by the ratio of the nearest two Fibonacci num-
bers, i.e., α = (
√
5 − 1)/2 = limj→∞ Fj−1/Fj . Then
a scaling index βm,n can be extracted from the on-site
probability Pm,n = u
2
m,n + v
2
m,n by
Pm,n ∼ (1/Fj)βm,n . (14)
As the fractal theorem tells, when the wave functions are
extended, the maximum of Pm,n scales as max(Pm,n) ∼
(1/Fj)
1, implying βmin = 1. On the other hand, when
wave functions are localized, Pm,n peaks at very few sites
and nearly zero at the others, suggesting max(Pm,n) ∼
(1/Fj)
0 and βmin = 0. As for the critical wave func-
tions, the corresponding βmin is located within the in-
terval (0, 1). For our system with L = Fj sites, there
are 2Fj eigenstates. Therefore, we can distinguish the
extended, the critical, and the localized wave functions
by the average of βmin (denoted by βmin) over all the
eigenstates , and βmin is expressed as
βmin =
1
2L
2L∑
m=1
βmmin. (15)
Figure 5 shows the βmin as a function of 1/L for vari-
ous parameter points (∆, V ). We find that βmin tends to
1 at (∆, V ) = (0.5, 0.2) when L is infinite, suggesting that
the system is in the extended phase. βmin extrapolates
to zero at (∆, V ) = (0.5, 2), indicating that the system is
in the localized phase. For (∆, V ) = (0.5, 1), the corre-
sponding βmin in the thermodynamic limit is intuitively
between 0 and 1. We emphasize that such an analysis
strategy works for other parameter points as well, and
results can be obtained accordingly. Hence, we can fi-
nally verify that there are extended and critical phases
in the topologically non-trivial region, and that the phase
transition point is indeed at Vec = t−∆. Meanwhile, we
can also confirm that topological phase transition is ac-
companied by Anderson localized phase transition, and
the phase transition point is Vc.
V. NON-CONVENTIONAL REAL-COMPLEX
TRANSITION
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Figure 6. (Color online) The eigenenergies of Eq. (1) with
∆ = 0.5 and L = 5000 under OBC. (a) V = 0.2 is taken
from the extended and topologically non-trivial phase. The
eigenenergies are totally real. (b) V = 0.5 is taken at
the extended-critical transition point, the imaginary parts
of eigenenergies have a certain width. (c) V = 1 is taken
from the critical phase, the imaginary parts of eigenenergies
are completely broadening. (d) V = 2 is taken form the lo-
calized phase, the imaginary parts of eigenenergies are also
completely broadening.
Due to the system being non-Hermitian, we turn our
attention back to the energy spectrum of the system.
According to precious works, the phenomenon that real-
complex transition of the energy mainly exists in a class
of systems with PT symmetry22,44,47–55. However, for
our system without PT symmetry, the phenomenon of
real-complex transition still exists. One can say that this
is a non-conventional real-complex transition, which is
different from the conventional PT symmetric transition.
We take ∆ = 0.5 and fix the size of the system L = 5000.
In Fig. 6, we display the eigenenergies of Eq. (1) with var-
ious V under OBC. As the figure shows, when V = 0.2,
the eigenenergies are real, and the system is in the ex-
6Figure 7. (Color online) Phase diagram of the model in this
paper. Vec = t − ∆ (the left red dot) is the transition point
of the extended-critical transition and the real-complex tran-
sition. Vc = t +∆ (the right red dot) is the transition point
of the critical-localized transition and the topological phase
transition.
tended and topologically non-trivial phase. The finite
“bad” imaginary energies can be interpreted as the re-
sult of the finite size effect. V = 0.5 is taken at the
extended-critical transition point. Although the system
is still in the topologically non-trivial phase, the imagi-
nary parts of eigenenergies have a certain width. V = 1
is in the critical and topologically non-trivial phase, it
can be distinctly shown that the eigenenergies of the sys-
tem are complex. The similar phenomenon also occurs in
the case of V = 2, in which the system is in the localized
and topologically trivial phase. We have also checked
other combinations of parameters and get the same re-
sults as expected. Accordingly, we settled on such a con-
clusion that only the extended phase support the fully
real eigenenergies, providing a new result to explore the
rich physics of non-Hermitian systems.
Synthesizing the above analyses, we finally obtain the
total phase diagram of the system, which is shown in
Fig. 7. As the diagram shows, the left red dot denotes the
extended-critical and the real-complex transition point
Vec, satisfying Vec = t − ∆. The right red dot corre-
sponds to the critical-localized and the topological phase
transition point Vc, satisfying Vc = t+∆.
VI. SUMMARY
In summary, we have studied the topological proper-
ties and investigated the extended, critical and localized
phases of a one-dimensional p-wave superconductor sub-
ject to the non-Hermitian quasiperiodic potentials. By
analysing the energy spectrum, it is shown that there are
MZMs protected by the energy gap. We demonstrate
that the topological phase transition is accompanied by
the Anderson localization transition, and the analytic
topological transition point is verified by calculating the
energy gap and the topological invariant. Furthermore,
we find there is a critical region separated form the ex-
tended region in the topologically non-trivial phase, and
the extended-critical transition point is numerically ob-
tained by the MIPR and the fractal analysis. Surpris-
ingly, for our system without PT symmetry, we find a
non-conventional real-complex transition of the eigenen-
ergies, and the energies in the extended phase are fully
real. Unfortunately, we are failed to obtain an analytical
expression of the real-complex transition point. However,
it remains an open question to explore the relationship
between the extended phase and the real energy, even if
there is no PT symmetry.
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